Let A be a commutative Noetherian ring of dimension n (n ≥ 3). Let I be a local complete intersection ideal in A[T ] of height n.
Introduction
Let A be a commutative Noetherian ring of dimension n. Let I be a local complete intersection ideal in A[T ] of height n. In [8] , Mandal proved the following interesting theorem: Theorem 1.1. Let A be a commutative Noetherian ring of dimension n.
Let I be a local complete intersection ideal in A[T ] of height n. Suppose I contains a monic polynomial. Then I is a set theoretic complete intersection in A[T ].
Let A be a commutative Noetherian ring of dimension n. Let J be a local complete intersection ideal in A[T ] of height n. By the well known Ferrand-Szpiro construction [14] , there exists a local complete intersection ideal I which is contained in J, such that √ I = √ J and I/I 2 is free A[T ]/Imodule of rank n. So to show J is a set theoretic complete intersection in A[T ], it suffices to show I is a set theoretic complete intersection in A [T ] . If A contains the field of rational numbers, in this paper, we are able to find a new sufficient condition for I to be a set theoretic complete intersection, which can be read as follows: Theorem 1.2. Let A be a commutative Noetherian ring of dimension n (n ≥ 3) containing the field of rational numbers. Let 
If the dimension of A is odd and bigger than 5, the above theorem also holds without the condition A contains the field of rational numbers.
All rings in this paper are assumed to be commutative and Noetherian. All modules considered are assumed to be finitely generated.
Some preliminary results
In this section, we collect some well known results that will be used in the third section.
First let us begin with a standard definition.
Definition 2.1. Let A be a commutative Noetherian ring. K 0 (A) is called the Grothendieck Group of A, which is defined by taking the free abelian group generated by all finitely generated A-modules with finite projective dimension modulo the relation generated by (M 2 ) = (M 1 ) + (M 3 ), whenever we have an exact sequence of finitely generated A-modules of finite projective dimension,
The following theorem is due to Boratynski [5] and Murthy [10] :
Theorem 2.2. Let A be a commutative Noetherian ring of dimension n, and I ⊆ A be a local complete intersection of height r (r ≤ n). Suppose I/I 2 is A/I-free with basef 1 , . . . ,f r , f i ∈ I,f i is the class of f i in I/I 2 . Let J = I (r−1)! + (f 1 , . . . , f r−1 ). Then there exists a surjection P → J with P a projective A-module of rank r, such that
The next useful lemma which follows is due to Mohan Kumar[9, Lemma 1]. Lemma 2.3. Let A be a ring and J ⊂ A a finitely generated ideal. Suppose that J/J 2 is generated by n elements. Then for any a ∈ A, the ideal (J, a) is generated by n + 1 elements.
Next we state the cancellation theorem of Plumstead[11, Theorem 1]:
Theorem 2.4. Let A be a commutative Noetherian ring of dimension n, let P and
The following theorem is a result of Bass [1] .
Theorem 2.5. Let B be a ring with dimension n + 1, P a stably free projective B-module of rank n, such that P ⊕ B ≈ B n+1 . If n is odd, then P has a unimodular element.
The following theorem is a consequence of a result of Rao [ Theorem 2.7. Let A be a Noetherian ring of dimension n ≥ 2 which contains the field of rational numbers. Let J be an ideal of height n such that J/J 2 is generated by n elements, and let ω J : (A/J) n → J/J 2 be a local orientation of J. Suppose that the image of (J, ω J ) is zero in the Euler class group E(A) of A. Then ω J is a global orientation of J. In other words, ω J can be lifted to a surjection ψ : A n → J. , and a surjection ξ :P → K such that:
Proof. We can find a regular sequence f 1 , . . . , f n in I, such that
/K-module of rank n generated by the image of f 1 , . . . , f n−1 , f r(n−1)! n .
By theorem 2.2, there exists a projective A[T ]-moduleP of rank n and a surjection:P → K, such that (P ) − (A[T ] n ) = 0 in K 0 (A[T ]). HenceP is a stably free A[T ]-module of rank n. By Plumstead cancellation theorem,
n+1 . The proof of the lemma is complete.
Theorem 3.2. Let A be a commutative Noetherian ring of dimension n (n ≥ 4). Let I be a local complete intersection ideal of height n in A[T ], such that I/I 2 is free A[T ]/I-module of rank n. Suppose (A[T ]/I) is torsion in K 0 (A[T ]) and n is odd. Then I is a set theoretic complete intersection in
Proof. By Lemma 3.1, there exist a local complete intersection ideal K in A[T ], and a surjection ξ :P → K, such that
n+1 . Since n is odd, by theorem 2.5,P has a unimodular element. So we can writẽ P = A[T ] ⊕Q whereQ is a stably free A[T ]-module of rank n − 1. Let K 1 = ξ(Q). By some suitable elementary transformation onP , we may assume htK 1 = n − 1. Let ξ ((1, 0) ) = x, then (x, K 1 ) = K. Since n ≥ 4, by Bass cancellation theorem it is easy to see thatQ/K 1Q is free A[T ]/K 1 -module of rank n − 1. Therefore, by lemma 2.3, K = (K 1 , x) is n generated, and hence K is a complete intersection. Thus I is a set theoretic complete intersection in A[T ].
We need the following lemma to prove our next theorem. Lemma 3.3. Let B be a commutative Noetherian ring of dimension n + 1 containing a field k. Let I be an ideal of height n which is a local complete intersection in B, such that I/I 2 is free B/I-module of rank n. Then there exists a regular sequence f 1 , . . . , f n in B and s 1 ∈ I 2 such that
Proof. There exists a regular sequence f 1 , . . . , f n in B such that I = (f 1 , . . . , f n )+ I 2 . By Nakayama's lemma, there exists s ∈ I such that s(1−s) ∈ (f 1 , . . . , f n ) and I = (f 1 , . . . , f n , s). Since s(1 − s) ∈ (f 1 , . . . , f n ), we may further assume that s ∈ I 2 . Notice that we can change s by m i=1 (s − b i f n ) for any positive integer m and b i ∈ B. If p 1 , . . . , p t are the maximal elements in Ass(B/(f 1 , . . . , f n−1 )), then f n / ∈ p 1 , . . . , p t . If s ∈ p 1 , . . . , p t , then f n − s 2 / ∈ p 1 , . . . , p t , and we are through. If, say for example, s / ∈ p 1 , but s + bf n ∈ p 1 for some b ∈ I, we replace s by s(s+bf n ) and assume s ∈ p 1 . Repeating this procedure (that is, replacing s by m i=1 (s − b i f n )) and reordering p i where i ∈ {1, . . . , t} if necessary, we may assume that s ∈ p 1 , . . . , p r , s − bf n / ∈ p k for k > r and any b ∈ I.
. . , p t , then we are done. So by reordering p r+1 , . . . , p t , we may assume f n − s 2 / ∈ p r+1 , . . . , p r+l and f n − s 2 ∈ p r+l+1 , . . . , p t . Let λ ∈ I ∩ (∩ r+l i=1 p i ) \ ∪ t j=r+l+1 p j (such λ does exist), and s 1 = s+λf n . Then f n −s 2 1 = f n −s 2 −λf n (2s+λf n ), and f n − s 2 1 / ∈ p 1 , . . . , p r+l by our choice of λ. Now we claim that f n − s 2 1 / ∈ p r+l+1 , . . . , p t . If f n − s 2 1 ∈ p j for some j ∈ {r+l+1, . . . , t}, then 2s+λf n ∈ p j . Notice that since B is a commutative ring containing a field k, either 2 is invertible in B or 2 is zero in B. If 2 is zero in B, then λf n ∈ p j , which is impossible. If 2 is invertible in B, then s + (1/2)λf n ∈ p j , which contradicts that s − bf n / ∈ p k for k > r and any b ∈ I. So the claim follows.
Therefor f n − s 2 1 is a nonzero divisor in B/(f 1 , . . . , f n−1 ). By our choice of s 1 , we have that
. . , f n ) + I 2 , and {f 1 , . . . , f n−1 , f n − s 2 1 } is a regular sequence in I.
Throughout the rest of this paper, we will denote P ⊗ Proof. We give the proof of the theorem in several steps
Step 1. We want to find two local complete intersection ideals in A[T ] of height n, which are comaximal with I.
Since I/I 2 is free A[T ]/I-module of rank n and I is a local complete intersection, we may write I = (f 1 , . . . , f n ) + I 2 , where {f 1 , . . . , f n } is a regular sequence in A[T ]. By lemma 3.3, we may assume the image of f n −s 2 in A[T ]/(f 1 , . . . , f n−1 ) is a nonzero divisor, I = (f 1 , . . . , f n , s) and s(1 − s) ∈ (f 1 , . . . , f n ). Let K 1 = (f 1 , . . . , f n , 1 − s), then K 1 ∩ I = (f 1 , . . . , f n ). Since {f 1 , . . . , f n−1 , f n − s 2 } is a regular sequence and I = (f 1 , . . . , f n−1 , f n − s 2 ) + I 2 , we can write (f 1 , . . . , f n−1 , f n − s 2 ) = I ∩ K 2 for some local complete intersection ideal K 2 in A[T ], which is comaximal with I. We may assume K 1 , K 2 are ideals of height n, since if one of them equals A[T ], then I is a complete intersection. Let g = f n − s 2 , then gA[T ] + K 1 = A[T ], and hence I, K 1 , K 2 are pairwise comaximal. Let I (2) = (f 1 , . . . , f n−1 ) + I 2 , then I (2) ∩ K 1 ∩ K 2 = (f 1 , . . . , f n−1 , gf n ). It is clear that g = −s 2 is unit modulo K 1 and f n = s 2 is unit modulo K 2 .
Step 2. We may assume ( f 1 (0), . . . , f n−1 (0), g(0)f n (0) ) is an ideal of height n in A.
